In wireless orthogonal frequency division multiplexing (OFDM) systems, the time-varying channel is often estimated by algorithms based on pilot symbols. Such an estimator, however, requires statistical prior knowledge that is not easily obtained. Therefore, the pilot tones have to be close enough to fulfill the sampling theorem. In this case the statistical knowledge of the channel is not required to reconstruct correctly the channel impulse response (CIR). This paper explores the optimal placement and number of pilot symbols, we investigate optimal training sequences in OFDM systems and we analyze the number of pilot symbols required to fulfill the sampling theorem. Using a general model for a multipath slowly fading channel, the approach is based on the LS as a criterion of channel estimation while the channel interpolation is done using the piecewise-constant interpolation compromising between complexity and performance. Simulation results demonstrate the good performance of our approach.
Introduction
OFDM (Orthogonal Frequency Division Multiplexing) has been widely applied in wireless communication systems due to its high data rate transmission and its robustness to multipath channel delay [1, 2] . The channel characteristics must be known at the receiver to recover the transmitted signal after demodulation, so channel estimation is needed.
Two classes of methods are available for the receiver to acquire channel state information (CSI): One is based on training symbols that are a priori known to the receiver, whereas the other relies only on the received symbols to acquire CSI blindly.
Relative to training, blind schemes typically require longer data records and entail higher complexity.
In OFDM systems, channel estimation is usually performed by sending training pilot symbols on sub-carriers known at the receiver. The quality of the estimation depends on the pilot arrangement. The channel estimation can be performed by either inserting pilot tones into all of the subcarriers of OFDM symbols with a specific period (Block-type) or inserting pilot tones into each OFDM symbol (Comb-type) [3] : 1) Block-type Arrangement (shows in Figure1a):
The block type pilot channel estimation, has been developed under the assumption of slow fading channel, this assumes that the channel transfer function is not changing very rapidly. In block-type pilot based channel estimation, OFDM channel estimation symbols are transmitted periodically, in which all sub-carriers are used as pilots. If the channel is constant during the block, there will be no channel estimation error since the pilots are sent at all carriers. The estimation can be performed by using either LS or MMSE. Figure1b) : the comb-type pilot channel estimation has been introduced to satisfy the need for equalizing when the channel changes even in one OFDM block. The comb-type pilot channel estimation consists of algorithms to estimate the channel at pilot frequencies and to interpolate the channel. This work is based on a Comb-type arrangement, Comb-type pilot pattern is more appropriate for the estimation of time varying channels [4] . The channel is considered to be frequency-selective invariant over each received block, but is allowed to vary from block-toblock. The design of a channel estimator is based on two fundamental problems: • The amount of pilot symbols to be transmitted.
2) Comb-type Arrangement (shows in
• The complexity of the estimator. The MMSE estimator has good performance but high complexity. The LS estimator has low complexity, but its performance is not as good as that of the MMSE estimator [5] . This work is based on the LS as a criterion of channel estimation because LS and MMSE criteria exhibit similar performance in high SNR regimes. The OFDM transmission technique is robust to multi-path channel delay, cyclic prefix extension is used to eliminate inter-symbol interference (ISI), but the Inter-carrier interference (ICI) remains a problem because of Doppler frequency. In fast fading channels when the channel changes even in one OFDM block, orthogonality of the tones can't be preserved because of Doppler Effect [6] . Studying the optimum spacing of the pilots in the general case shows that the optimum time-frequency spacing depends upon the channel parameters (the Doppler frequency and the power delay of the channel) [7] . Therefore, the OFDM technique is extremely attractive for slowly fading multipath channel as that usually used in WLAN systems or in indoor environment.
In this paper we study the case of multipath slowly fading channels while the orthogonality of tones is preserved. The optimal spacing of pilot symbols for OFDM systems has been investigated by several studies over the past ten years. In literature, the results of work based on channel capacity investigating this optimization problem [8] confirm the results of the study based on the OFDM linear system (Y = HX+N), these studies show that in a multipath channel with L independent paths channel estimation requires at least L pilot symbols equally-spaced in the OFDM block.
In this work we explore the optimization of pilot subcarriers required for channel estimation and optimal positions of pilots. We show that the application of sampling theorem confirms the result of previous works.
In Section 2, we describe the channel estimation based on a Comb-type arrangement. Section 3 discusses the optimal placement and number of pilot symbols in an OFDM frame. Simulation results are presented in Section 4.
OFDM Channel Estimation Based on
Comb-Type Pilot Arrangement
Notations
Standard notations are used in this paper.
 
. 
Channel Estimation Based on Comb-Type Pilot Arrangement
In an OFDM system, the received signal at the k th tone can be expressed as
where I (k) the inter-carrier interference (ICI) because of Doppler frequency.
,
In the case of multipath slowly fading channels, when the channel is frequency-selective invariant over each received block OFDM symbol, the orthogonality between subcarriers can be fully preserved, and we can write
There are several criteria used for channel estimation, for reasons of complexity, the estimation can be performed by using either linear MMSE criterion (Wiener filtering) [9, 10] and LS criterion. However, in high SNR regimes and when the noise level is low, LS criterion offers a good compromising performance / complexity.
1) The estimate of the channel at pilot sub-carriers based on LS estimation is given as follows,
Assume that each OFDM symbol has N subcarriers where pilots occupy p subcarriers. By LS estimation, the channel state information (CSI) at pilot tones in the k th OFDM symbol can be obtained as
where k is the pilot tones,
In comb-type pilot based channel estimation, an interpolation technique is necessary in order to estimate channel at data sub-carriers by using the channel information at pilot sub-carriers [11] . The channel interpolation is done using the piecewise-constant interpolation, linear interpolation, second order interpolation, low-pass interpolation, spline cubic interpolation…In the following Figure 2 , there's a comparison between three types of frequency channel response, Indoor A, Pedestrian B and Vehicular B [12] :
The pilot symbols have to be close enough to fulfill the sampling theorem and avoid aliasing. Therefore, with the piecewise-constant interpolation we can reconstruct correctly the channel impulse response as it will be shown in this paper. Whereas, when we have enough information about channel characteristics, we can choose a type of interpolation to estimate the channel (even if 
The channel estimation
is given using an efficient interpolation technique in order to estimate channel at data sub-carriers by using the channel information at pilot sub-carriers.
The Minimum Number of Pilot Tones
In this section, we present some answers to the question of minimum number of pilots needed for channel estimation in OFDM systems. This problem has been the subject of several investigations, the theoretical study shows that the channel estimation requires at least L pilot symbols, and we can prove this result by two different methods. One is based on the sampling theorem, whereas the other relies only on the study of the OFDM linear system Y = HX+N. channel estimation at pilot sub-carriers. The piecewiseconstant interpolation is used in order to estimate channel at the values between the pilot samples as it's shown in Figure 5 .
Therefore, the process of channel estimation based on pilot symbols with piecewise constant interpolation is similar to the sampling process. The BER can be lowered by placing the pilot symbols closer than that specified by the sampling theorem.
 Multipath channel modeling The complexity of an estimator depends on the number of the propagation paths (determined by the ratio between the maximum delay spread τ max and the sampling period Ts). For example, in BRAN A channel there's 8 paths (the propagation channel for an office environment as part of the standard HiperLAN2-5Ghz). In the analogue domain, the multipath channel is described by the following complex-valued impulse response [13] :
where α l is the complex gain of the lth path, τ l is the propagation delay for the lth path. In digital transmission systems, symbols are often transmitted in regular time interval Ts, called the sampling period. This period is often small in comparison with the maximum delay time τ max . The discrete multipath model is regarded as a reference for most of the contemporary wideband terrestrial wireless systems under a reasonable approximation of constant number of multipath components L and slow variation of the delay values . The multipath channel is then modeled as
The path gains are given as samples taken at different period Ts (see Figure 5) .  The application of sampling theorem The spectrum of a discrete signal is a periodic signal (see Figure 6 ). We will explore the duality of the Fourier transform then we can apply the sampling theorem on the frequency response of the channel.
Since the inter-carrier spacing is Δf and the duration of an OFDM symbol is T=N.Ts, we have 1 1
If we assume that pilots are placed N f subcarriers apart in every OFDM symbols (Comb-type pilot arrangement), and the pilot symbols are equally-spaced and the spacing Let H e (f) the frequency response of the channel constructed from the pilot symbols with a piecewise constant-interpolation. 
The inverse Fourier transform of this distribution is h e (t): 
Then we can reconstruct h (t) from h e (t). We need a time-domain windowing to reconstruct the time-domain channel impulse response (CIR).
The samples have to be close enough to fulfill the sampling theorem and avoid aliasing. So, we must choose the sampling period Te greater than the channel impulse response length.
Let .
We will show later that the equispaced pilot symbols are optimal in the sense of MMSE. Because equispaced placement of pilot symbols is impossible when N / N f is not an integer, we will consider only the case when N / N f is an integer.
For this special case we have
is the number of pilot symbols in the OFDM frame, then the channel estimation requires at least L pilot symbols.
OFDM Linear System Y = HX+N
In the OFDM system when orthogonality is preserved, the system equations can be expressed as
where AWGN noise.
be the set of L tones used for transmitting pilot symbols.
In the absence of noise, from (1) we can write:
where 
Since Q is a Vandermonde matrix with L parameters distinct, h can be found exactly by inverting Q.
With the system equations (1), we have L unknowns
-If the number of pilot symbols is equal to L, then the number of equations equals the number of unknowns, then the system can be solved.
-If the number of pilot symbols is less than L, the number of equations is less than the number of unknowns then we have an under-determined system of linear equations [14] , and hence a non-unique solution h.
Therefore, in both cases (absence or presence of noise), L pilot symbols are the minimum number required for exact channel estimation.
Optimum Set of Pilot Tones
It has been found in [14, 15] that in the presence of AWGN noise, the MMSE estimate of h occurs when the pilot symbols are equally-spaced in the OFDM frame.
Proof:
From (1) we can write:
from (4,5) the MMSE estimate of h is given by:
Knowing that each pilot (4) and (6) we have:
The matrix depends on the choice of the set of pilot tones. Thus, the design problem is to choose the set that minimizes the MSE
This can be obtained as follows,
then the eigenvalues of
Since the trace of a matrix is the sum of its eigenvalues, hence, the relaxed optimization problem is
Since the matrix
is non-negativedefinite, all the eigenvalues are non-negative. So, the minimization occurs if all the eigenvalues λi (i=1,..,L ) are identical. This occurs if:
Therefore, the optimal sets of tones are
Simulation Results

Effect of Multipath Channel
To validate our analysis, we test an OFDM 16 QAM transmission over a multipath channel in the absence of noise (4 paths, 6 paths and 10 paths) with N=256 subcarriers, and cyclic prefix length equal to CP=32. In all the following simulations we have chosen the cyclic prefix to be greater than the maximum delay spread in order to avoid inter-symbol interference (shows in Figure 7) .
In Figure. 9 we can see clearly the effect of multipath channel; we notice that as the multipath channel length increases, the error rate increases. Channel estimation is necessary to correct the OFDM symbols.
Optimal Spacing of Pilot Symbols
We consider a typical OFDM system, where N=256 subcarriers, and cyclic prefix length equal to CP=32 and 64 QAM transmission over a multipath channel. We also Figure 9 . Effect of multipath channel.
Channel Estimation Based on Pilot Symbols
We consider a typical OFDM system, where N=256 subcarriers, and cyclic prefix length equal to CP=32 and 16 QAM transmission over a multipath channel in the absence of noise (8 paths). Figure 10 . Signal constellation before correction. We also insert equally-spaced pilot symbols (1 + j), the receiver uses an LS estimator and interpolation. We deal with two cases: 1) We insert 16 pilot symbols in every OFDM frame, then the number of pilot symbols is greater than the channel length (L=8 paths).
2) We insert 8 pilot symbols in every OFDM frame, then the number of pilots is equal to the channel length (L=8 paths).
The simulation results are shown in Figure 10 and Figure 11 .
We notice that the channel estimation with 16 pilot symbols /OFDM frame have good performance as it is shown in the Figure11. Otherwise, using 8 pilots/OFDM Figure 11 . Constellation after correction. frame, this number is not enough for the channel estimation (we have to choose the number of pilot symbols greater than the multipath channel length). insert pilot symbols (1 + j), the pilot symbols are not always equally-spaced in the OFDM frame. We vary the number of pilot symbols (1 + j) in OFDM blocks. The receiver uses an LS estimator and interpolation. We deal with two cases: 1) The multipath channel have 4 independents paths (impulse response = [1 0.1 0.2 0.1]), Figure 12 shows the bit error rate (BER) versus pilot spacing in the frequency grid N f .
We notice in Figure 12 that when we increase the number of pilot symbols (decreasing N f ) the BER decreases and becomes almost zero at one level of N f . When the number of pilot symbols is equal to the number of independent channel paths (pilot spacing N f = 62, number of pilots/OFDM frame = 4) the BER is about 0.08, which is acceptable. When the number of pilot symbols is less than 4 (N f > 62) we can see fast BER increase, which means that the quantity of pilot symbols is not enough to estimate the channel.
2) The multipath channel have 8 independent paths (impulse response = [1 0.1 0.5 0.2 0.1 1 0.2 1]), Figure  13 shows the bit error rate (BER) versus pilot spacing in the frequency grid N f .
Theoretical results show that the equally-spaced pilot symbols are optimal in the sense of MMSE, and this optimal placement of pilot symbols is impossible when N / N f is not an integer. In Figure 12 and Figure 13 we can see clearly that when pilot symbols are equally-spaced in the OFDM frame (N / N f is an integer), the curve has a local minimum (N f = 16, 32, 64). Otherwise, the bit error rate takes the smallest value in a given neighborhood.
Conclusions
In this paper, we have studied the optimum spacing of OFDM pilot symbols in the multipath slowly fading channel. It was shown that channel estimation requires at least L pilot symbols equally-spaced. We proved that the sampling theorem gives the minimum number of pilot tones and confirm the results of previous investigations, and with simulations, we validated the theoretical results.
To approach the theoretical results of the estimation problem, we have to reduce the noise effect on received pilot symbols with high SNR regimes. We have treated the case of invariant multipath channel over each received OFDM block. But this work offers the opportunity to study the optimization problem in fast fading channels with high mobility, which remains an open research area.
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